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ON THE WIENER CRITERION
AND QUASILINEAR OBSTACLE PROBLEMS

JUHA HEINONEN AND TERO KILPELAINEN

ABSTRACT. We study the Wiener criterion and variational inequalities with
irregular obstacles for quasilinear elliptic operators A, A(z, Vu) - Vu ~ |Vu|?,
in R™. Local solutions are continuous at Wiener points of the obstacle func-
tion; if p > n — 1, the converse is also shown to be true.

If p > n — 1, then a characterization of the thinness of a set at a point is
given in terms of A-superharmonic functions.

1. Introduction. In this paper we study the Wiener criterion and variational
inequalities with irregular obstacles for quasilinear elliptic operators.

We assume throughout that : R™ — (—00,00) is a bounded Borel function,
called an obstacle, and that A: R® x R® — R" is an elliptic (nonlinear) operator
with A(z,h) - h =~ |h|P, 1 < p < n; for the precise assumptions on A, see (1.5)-
(1.9). A function u is said to be a local solution to the obstacle problem at the point
zo € R™ if there is an open neighborhood 2 of zy such that

u is in the Sobolev space W (Q0);
"u > 19 p-quasieverywhere in (Q;
JoA(z,Vu) - Vodz >0
whenever p € W,},o(ﬂ) and ¢ > 1 — u p-quasieverywhere in ().

(1.1)

The precise meaning of “p-quasieverywhere” is explained below.

Further, ifu—v € Wpl,O(Q), then u is said to be a solution to the obstacle problem
with the boundary values v in (1.

In this paper we make an additional contribution to the regularity problem: what
are the minimal conditions on % which ensure that u is continuous at z¢?

In the case of the Laplacian, i.e. A(z, h) = h, this problem was completely settled
by J. Frehse and U. Mosco, see [FM1, FM2, Mol, Mo2]. They have shown that
the solution u is continuous at zg if and only if zg is a so-called Wiener point of
. In a nonlinear case it was proved by J. H. Michael and W. P. Ziemer [MZ] that
a similar condition is sufficient. Starting with ideas of P. Lindqvist and O. Martio
[LM] we show that if p > n — 1, then the Wiener criterion given in [MZ] is also
necessary for the continuity of the solution of (1.1), see Theorem 1.16. Especially,
the problem will be fully solved in dimension two.

If 9 is nonnegative and supported on a compact subset E of a bounded open set
(2, then there is a unique nonnegative superharmonic function u “vanishing” on the
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240 JUHA HEINONEN AND TERO KILPELAINEN

boundary 012, lying quasieverywhere above the obstacle ¥ in 2, and minimizing
the Dirichlet integral among all admissible functions; in the language of potential
theory the solution u is the balayage of 1. The continuity in this case was first
studied by H. Lewy and G. Stampacchia [LS]: if ¢ is continuous on E, then one
arrives at the classical Wiener criterion. See also [CK, KS, Mo2].

It is important to note that the Perron approach to the unilateral Dirichlet
problem pertains in more general situations; we shall indeed study the problem
(1.1) within a general framework of nonlinear potential theory.

Before stating our main results we introduce some notation.

We assume throughout that () is a bounded open set in R", n > 2, and D € 1
means that D, the closure of D is compact in Q. If B = B(z,r) is an open ball
and o > 0, then 0B = B(z,0r). The integral averages are marked as

Jlf‘“ |E|/f‘”

1.2. Condensers and capacities. Let E be a subset of an open set G C R™. The
(outer) p-capacity, 1 < p < n, of the condenser (E,G) is defined as

capp(EaG) = UDiEngpen *capp(U> G)»

where, for any set F C G,

«cap, (F,G su inf / VulPdz,
pp( ) KCF co]:x)npact ueW(K,G) I I

and W(K,G) = {ue C§°(G): u=1in K}. It is standard that for a Borel set E,
cap,(E,G) = .cap,(E,G).

A set E is said to be of p-capacity zero, abbreviated cap,E = 0, if
cap,(E N G,G) = 0 for each open G C R". For a bounded set E, cap,E = 0 if
cap,(E,G) = 0 for some, and hence for all, bounded G with E' C G. We say that
a property holds p-quasieverywhere, abbreviated p-q.e. (or, if no confusion arises,
simply g.e.), if it holds except on a set of p-capacity zero.

For a thorough discussion of variational capacities we refer to [M2, R].

1.3. Sobolev spaces. The elements in the Sobolev space W, (Q2), 1 < p < n, are
considered as equivalence classes of functions u which are defined in {2 up to a set
of p-capacity zero; more precisely, if u € WI}(Q), then the limit

(1.4) lim u(y)dy = u(z)
=0 JB(z,r)

exists and defines u p-quasieverywhere in Q, see e.g. [AMS, FZ, R]. The subspace
W3 (Q) is the closure of C§°(2) in W, (12).

We assume that the operator A: R™® x R® — R"™ satisfies the following assump-
tions for some numbers 1 <p<nand 0 < a < f < oo:

the function z — A(z,h) is measurable for all A € R", and the

(1.5) function h — A(z, h) is continuous for a.e. z € R™;
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for all h € R™ and a.e. z € R"

(1.6) A(z,h)-h > alh?,

(1.7) |A(z, h)]| < BIAPT,

(1.8) (A(z,h1) — A(z, he)) - (h1 — h2) > 0
whenever hy # ho, and

(1.9) Az, Mh) = |A\P72XA(z, h)

forall A eR, A #0.
A function u € loc W} (Q) is a solution (a supersolution) of the equation

(1.10) V.-A(z,Vu)=0

in Qif

(1.11) / A(z,Vu) - Vo dz=0 (>0)
Q

for all p € C§°(2) (p € C§°(Q2) and > 0). As is well known, every solution of
(1.10) has a (locally) Holder continuous representative; we call continuous solutions
of (1.10) A-harmonic. It is important in our case that Au + u is A-harmonic
whenever A\, u € R and u is A-harmonic.

A typical example of the operators satisfying (1.5)—(1.9) is the p-harmonic op-
erator A(z, h) = |h|P~2h; solutions of the corresponding equation

V. (|Vu|)P~2Vu=0

are customarily called p-harmonic.

Hereafter, the number p, 1 < p < n, and the operator A are fixed. We shall
explicitly point out where the restriction p > n — 1 is needed.

1.12. Thin sets. A set E in R™ is said to be (p-)thin at the point zg if

/‘ cap, (B 0 B(zo,t), B(zo,20) \ /"M at _
0 capp(B(ant)aB(an2t)) ‘

(1.13) t

The concept of a thin set is fundamental in potential theory and, traditionally,
it has many equivalent formulations. In nonlinear theory the converse Wiener
criterion (1.13) has turned out to be the right one, see [HW]. Our second main
result, Theorem 1.23, yields in a special case a characterization which, similarly
to the classical theory, is explicitly connected to the solvability of the Dirichlet
problem, see Remark 4.6.

1.14. Wiener points of the obstacle. Following J. Frehse and U. Mosco we say
that a point z¢ is a (p-) Wiener point of 9 if for every € > 0 the set

E. ={z € R": ¢(z) > 9¥(z0) — €}
is not (p-)thin at zq; here and for the remainder of the discussion

¥(zo) = inf p-esssup y(z),
>0 2 B(z0,7)
the abbreviation “p-ess sup” being self-explanatory. This definition generalizes the
classical Wiener criterion in a natural way and, as we shall see, provides a complete
answer to the regularity problem at least when p > n — 1.
We begin with the following theorem which was proved by J. H. Michael and
W. P. Ziemer in a more general context [MZ].
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1.15. THEOREM. If zg 1s a Wiener point of 1, then each local solution of
(1.1) s continuous at xg.

The surprising thing is that highly irregular obstacles may still produce con-
tinuous solutions. For completeness, we give a short proof for Theorem 1.15 in
§4.

Our principal result is the following.

1.16. THEOREM. Suppose thatp > n—1 and that zq is not a Wiener point of
. Then there is a local solution of (1.1) which cannot be made continuous at zg.

In building a discontinuous solution we exploit a geometric method used by
O. Martio and P. Lindqvist in [LM]; for p < n — 1 this method breaks down for
the unfortunate reason that the p-capacity of a continuum may vanish if p < n—1.

We now want to make Theorem 1.16 more precise and recall the definition for
A-superharmonic functions (see [HK1]):

A lower semicontinuous (1.s.c.) function u: G — RU{oo}, G is open in R", is A-
superharmonic if for each domain D € G and each A-harmonic function k € C(D),
h <wuin dD implies h < u in D.

An A-superharmonic function need not be even locally in the Sobolev space Wz}‘
The following proposition reveals the precise connection between A-superharmonic
functions and supersolutions of (1.10); for the proof, see [HK1].

1.17. PROPOSITION. Ifu is A-superharmonic in Q and if u € loc WI}(Q), then
u 18 a supersolution of (1.10) and

(1.18) u(z) = esslim inf u(y)
y—z

for all xz € Q; moreover, every locally upper bounded A-superharmonic function is
locally in W} ().

Conversely, if u is a supersolution of (1.10), then there is a unique A-superhar-
monic representative of u, given by (1.18).

1.19. COMPARISON PRINCIPLE [HK1,3.7]. If u and —v are A-superhar-
monic in (1, if
limsupv(y) < liminf u(y)
y—z y—z
for all € 90 and if the left- and the right-hand sides are not simultaneously oo or
—00, then v < u in (.

It turns out that one can develop a nonlinear potential theory where A-superhar-
monic functions form a similar basis as superharmonic functions in the classical
theory. In this study intrinsic properties of supersolutions rather than nonlinear
potentials have a central role, cf. e.g. [HW, MK, Me]. This paper is a continuation
of our earlier works [HK1 and HK2]; see also [L], and [GLM1, GLM2, LM] for
p=n.

1.20. Balayage. We define a balayage of the obstacle 1 as follows. Let

®% = {u: u is A-superharmonic in Q2 and v > % q.e. in 2},

and let . v
Q4 = inf &g
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Since v is bounded, then the family <I>}’; is uniformly lower bounded by (1.18), and
using classical methods (see Proposition 2.3 below) yields that the balayage

Qf(e) = liminf Qf(y)

is A-superharmonic in 2. Moreover, a generalization of the fundamental conver-
gence theorem, Proposition 2.3, implies

(1.21) Q4 >4 qe inQ.

Thus, @”’ = Q}”) € @g. In brief, the balayage @3 is the smallest A-superharmonic
function lying quasieverywhere above the obstacle v in (). Observe that since ( is
bounded, then v is bounded, and hence Q'é belongs to loc WI} (©?) by Proposition
1.17.

When no confusion results, we denote Q¥ = @g

Now Theorem 1.16 can be viewed as a corollary to the following result.

1.22. THEOREM. If zg is a Wiener point of ¥, then @}’; s continuous at xg
whenever () is a neighborhood of zg.

Conversely, if p > n — 1 and if zg is not a Wiener point of 1, then there is a
neighborhood ) of z¢ such that @}", 18 discontinuous at xg.

Applying (1.21) and 1.22 we obtain a generalization for a well-known result of
classical potential theory.

1.23. THEOREM. A set E is thin at zq if and, for p > n — 1, only if there is
a neighborhood Q of g and A-superharmonic function u in Q such that

(1.24) liminf u(z) > u(zo).
r—T
z€B\{z0)

1.25. Regular open sets. The property (1.24) is closely connected to the following
open problem in nonlinear potential theory. Let G be a bounded open set in
R"™. The boundary point zo € 9G is said to be regular if lim;_, o, hy(z) = f(z0)
whenever f € C(G)N W}(G) and hy is the unique A-harmonic function in G with
hy—fe WI}'O(G). (If every boundary point is regular, we say that G is regular.)
It was proved by V. G. Maz'ya [M1] that if R"\G is not thin at zo, then zq is
regular; conversely, P. Lindgvist and O. Martio [LM] have shown that if p > n—1,
then R™\G is not thin at regular points. The converse part for p < n — 1 is not
known to the authors. We indicate in Remark 4.6 that, for all p € (1,n], (1.24)
would imply that a regular point is not a thin point.

We think that Theorem 1.23 is true for all p € (1, n| although we have not found
a proof.

The paper is organized as follows. In §2 we provide preliminary results which
may have some independent interest in nonlinear potential theory; we compare two
slightly different definitions for balayage. In §3 we prove Theorem 1.16 and the
necessity part of Theorem 1.22. In the final section, §4, Theorems 1.15 and 1.23
and the sufficiency part of Theorem 1.22 are established. In §4 we also show that
A-superharmonic functions are finely continuous everywhere.

Throughout the paper we let C,C},..., denote various constants which are not
necessarily the same in all occurrences and, unless otherwise stipulated, depend at
most on n,p,a and G.
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2. Preliminary results. Let
RY = R¥(Q; A) = inf {u: u is A-superharmonic in Q and u > 1 everywhere in Q}
and let

RY(z) = R¥(); A)(z) = liminf RY (y).

y—z

In taking the balayage it is often important to know whether R¥ = Q¥, that is,
v/v\hetheAr sets of zero capacity can be neglected. In the Laplacian case the equality
RY = QY is well known (note that () is assumed to be bounded, and hence Green-
ian) but in general we have only been able to verify the following weaker result
which, together with its corollary, is our main goal in this section.

2.1. LEMMA. If Q¥ € W(Q), then R¥ = Q¥.

2.2. QOROLEARY. Suppose that 1 is nonnegative and compactly supported in
(). Then R¥ = QV.

As the proof of Lemma 2.1 shows, the annoying fact that the sum of two A-
superharmonic functions is not A-superharmonic in general can be bypassed to
some extent when one is dealing with functions in W} (Q2).

We shall appeal to the fundamental convergence theorem which we state here
for convenience.

2.3. PROPOSITION [HK2, THEOREM 6.1]. Let F be a locally uniformly
lower bounded family of A-superharmonic functions in Q. If w = inf F and w(z) =
liminfy_.; w(y), then W is A-superharmonic in Q) and ¥ = w g.e. in ().

2.4. A-superharmonic functions and solutions to obstacle problems. Let £: () —
[—00,00] be any function and let § € W} (Q2) be so that § > ¢ ge. in Q. We
demonstrate the fundamental fact that there is a unique solution u to the obstacle
problem (1.1) with the obstacle & and the boundary values 6, and that v may be
chosen to be A-superharmonic in (.

Observe that our definition for the Sobolev space W, (Q) is different than that
in [HK1 and HK 2], and therefore a slightly more careful analysis is needed.

First, since the operator A defines a strictly monotone, coercive and continu-
ous mapping from the space L} (Q) = {u: Vu € LP(Q)} onto its dual, see e.g.
[M1], there always exists a unique solution v € W, () with given boundary val-
ues, cf. [KS, p. 87]. Further, it was shown in [HK1, 3.17] that there is an A-
superharmonic function u such that u = v a.e. in Q. We show that u is in W} (Q)
(i.e. the approximate limit (1.4) exists g.e. in (1), it then follows that u = v q.e.
in Q, cf. e.g. [MK, Lemma 5.8]. Indeed, since the functions ux = min(u, k) are
locally bounded, they satisfy (1.4) everywhere in (2 by [HK1, (2.28) and 3.15] and,
consequently, ux € W} (). Now u is a Cauchy sequence in W, () and it follows
e.g. from [MK, Lemma 5.7] that ux — ug € Wy(Q) q.e. in Q. Since uy — u
everywhere in (2, we obtain u = ug g.e. in (2. This establishes that u € W, (1),
whence u = v q.e. in {2 as desired.

2.5. REMARK. As remarked in 2.4, for a bounded A-superharmonic function
u (1.4) holds everywhere, i.e. every point is a Lebesgue point of u. We do not
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know whether this is true for all A-superharmonic functions. Observe that an A-
superharmonic function need not be locally integrable if 1 < p < 2n/(n + 1), see
(L]

Next, we state an approximation lemma, required in the proof of 2.1.

Let 9; € W, () be a decreasing sequence of functions (i.e. ; > 1;41 q.e.) such
that ¢; — 9o in W} (Q), and let v; € W} (Q) be the A-superharmonic solution to
the obstacle problem with the obstacle and boundary values ;. It is obvious and
easy to prove, see [HK1, Lemma 2.8], that v; > v;41 in Q.

2.6. LEMMA. The limit function v = limv; is the solution to the obstacle
problem with the obstacle and boundary values vg.

PROOF. Clearly v € LP(f2). Moreover, since v; is the solution to the obstacle
problem,

sup/ |Vv;|Pdz < supC/ |Vy,|Pdz < co
i Ja J Q

by Holder’s inequality. Hence Vv; — Vv weakly in LP({1), and it follows that
— g € Wpl,o(ﬂ). Since, obviously, v > g q.e. in (1, it suffices to show that

(2.7 /ﬂA(z, Vv) - Vo dz >0

whenever p € W, 4(Q) and ¢ > 9o — v q.e. in Q.
To prove (2.7), fix an admissible . Writing w; = 9; — ¢ yields v + w; — v; >
¥; — v; q.e., whence

0> / (A(z, Vo) — A(z, Vv)) - (Vv — Vu;)dz
Q
= / Az, Vv;) - V(v +w; — vj)dz —/ A(z, Vv;) - Vw,dz
Q Q
—/ A(z,Vv) - (Vv - Vvj;)dz
Q

> —/ A(z,Vv;) - Vw;dz —/ A(z, Vv) - (Vv = Vv,)dz.
Q Q

Since Vw; — 0 in LP(12) and since Vv; — Vv weakly in LP(Q2), the last two inte-
grals tend to zero as j — oo, and it follows from [M1, Lemma 1] that A(z, Vv;) —
A(z, Vv) weakly in LP/(P=1)((QQ).

To complete the proof, let p; = ¢ + v + w; — v;. Then p; € W) (1) and
p; 2 ¥; — v; q.e., whence

/ A(z,Vv;) - Vo dz
Q
= / A(z,Vvj) - Vp,dzx +/ A(z,Vv;) - (Vo = Vp;)dz
Q Q
> / A(z, Vv;) - (Vv; — Vo)dz —/ A(z,Vvj) - Vw;dz.
Q Q

Since again the last two integrals tend to zero as j — oo, we obtain

/ A(z,Vv)-Vodzr= lim [ A(z,Vv;) - Vo dz >0
0

=0 J0

as desired.
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_ PROOF OF LEMMA 2.1. We abbreviate Q = QY% R = RY. Since clearly
R > Q qe., it suffices to show that R < Q. Let E = {z € Q: Q(z) < ¥(z)}.
Then, by Proposition 2.3, E is of p-capacity zero, and hence there is a nonnegative
Ls.c. function w € W) (R™) such that w = oo in E, cf. [HK2, Theorem 1.5].
Let o; = Q + 77w and let v; be the solution to the obstacle problem with the
obstacle and boundary values ¢, € W,} (€2). By 2.4 we may assume that each v, is
A-superharmonic, whence with Proposition 1.17

v;(z) = essliminf v;(y) > essliminf ¢;(y)

y—z y—z

> Yji(z) > (z)

for all z in Q0 (note that 9; is l.s.c.). Thus, v = limv; > R. On the other hand,

since ¥; — Qin W; (), then v = Q q.e. by Lemma 2.6 and by the uniqueness of
the solution, cf. Proposition 1.17. Hence, again by Proposition 1.17,

Q(z) = essl}i_rzlzinfv(y) > essz}i_rginff?(y) = R(z)
for all z in Q0. This completes the proof of Lemma 2.1.

PROOF OF COROLLARY 2.2. In the light of Lemma 2.1 it suffices to show that
Q = Q¢ € W,l,1 (Q). First note that as a locally bounded A-superharmonic function
Q is locally in Wpl(ﬂ) by Proposition 1.17. Next, choose a neighborhood D of 9( so
that DNspt ¢ = @ and that R™\D is not thin at any point of dD. It is not difficult
to show (see [HK2, 3.1 and 3.2]) that Q is A-harmonic in Q\spt, consequently
in D N Q. Choose a sequence of domains (}; so that ID N C ; € Q41 € ,
U, = Q, and choose a function ¢ € C(Q) NW, (1) so that p = QindDNQ
and that spt € (1. Let h; be the unique A-harmonic function in D N {2; with
hj—p € Wi o(DNQy), see 1.25. Since Qe w(DNQy), Q>0andQ=¢p="h;in
0D N, =D NQ, the standard comparison principle, see [HK1, 2.7], yields Q>
hjy1 > hj in DNQ;. By Harnack’s principle [HK1, 3.3] the function h = lim h; is
A-harmonic in D N ). Moreover,

/ Vh,[Pdz < C / VeolPdz
DNQ; Q

so that h € WI}(D N Q). We show that h = Q in DN Q; this completes the proof.
Clearly h < Q, and to prove the converse, consider the function

B { min(h,Q) in DN,

Q in Q\D.

Since limy_.z h(y) = Q(z) for all z € AD N Q, k' is Ls.c. in Q. It is then easy
to check, see Lemma 3.7 below, that A’ is indeed A-superharmonic in 2, whence
k' > Q@ in Q by (1.21). Thus k = Q in DN Q as required.

The last lemma of this section allows us to deduce Theorem 1.16 from Theorem
1.22.
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2.8. LEMMA. The function Q¥ is a local solution of (1.1).

PROOF. Fix zo € ) and let B = B(z,7) € 0. Then Q = Q¥ € W}(B)
by Proposition 1.17. Let u be the solution to the obstacle problem in B with
the obstacle ) and the boundary values Q. By 2.4 we may assume that u is A-
superharmonic. Further, since min(u, Q) — Q € WI}'O(B), then Q > u a.e. in B, see
[HK1, 2.8]. Proposition 1.17 then implies that Q > u everywhere in B. We show
that u > Q everywhere in B; this establishes the desired conclusion.

Thus, let p; € C§°(R™) be an increasing sequence such that lim p; = Q in 4B.
Let h; € C(B) be the unique A-harmonic function in B such that h; = ; in 9B,
see 1.25. Then min(u — h;,0) € W} 3(B) and the comparison principle [HK1, 2.7]
yields u > h; in B. This shows that liminf,_,; u(y) > Q(z) for all z € B, whence
the function

min(Q,u) in B,
Q in Q\B

is .s.c. and, therefore, A-superharmonic in (1, see Lemma, 3.7. Since w > 1 g.e. in
2 by (1.21), then u > w > @ everywhere in B as desired.

3. The proof of the necessity part of Theorem 1.22; the proof of
Theorem 1.16. If E C (1, we then call the function u = R}, = RX=({); A) the
A-potential of E in (2; here the obstacle x g is the characteristic function of E, cf.
§2.

We start with the following simple lemma.

3.1. LEMMA. If K C Q s compact and if o € C§°(N2) s such that o =1 in
a neighborhood of K, then the A-potential u = R} is the A-harmonic function in
O\K with u — p € W) ,(Q\K).

PROOF. The lemma can be proved by using the comparison principle and an
exhaustion argument basically as in the proof of Corollary 2.2. The details are left
to the reader.

Next, we require two lemmas similar to [LM, 3.6 and 3.16]. We suppose that K

is a compact set in a ball B = B(zg, 2r) and that u = R}( is the A-potential of K
in B.

3.2. LEMMA. Let0 < v < 1 and E, = {z € B: u(z) > ~v}. There is a
constant Cy = Cy(p,a, 8) > 0 such that

1 -
(33) 6;'71, lcapp(E"la B) S capp(K, B) S Cl7p ! Capp(EﬁvB)‘

PROOF. Using Lemma 3.1 and Holder’s inequality yields

écapp(K, B) < /BA(:B,Vu) - Vudz < Ccap,(K, B),
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and, therefore, since u € W} (B\K) is a solution of (1.10) in B\K,

|Vu|Pdz < Cv"”/ A(z,Vu) - Vudr

cap,(E,, B) S'r"’/ <)
u<y

{u<n}

= Cvl_”/ A(z,Vu) - Vmin(u/v,1)dz
B

= C’yl_p/ A(z,Vu) - Vudz < CAP cap, (K, B).
B

Similarly,

capp(E‘77B) > C’Y_p/{ . }A(z, Vu) - Vudz
u<y

>CyP / A(z,Vu) - Vudr — (1 — 7)/ Az, Vu) - v: Y
B {u>~} L=~

=C~7? </B A(z,Vu) - Vudz — (1 - 'y)/ A(z,Vu) - Vudz)

B
> Cy? cap, (K, B).

3.4. LEMMA. Letp>n—1. There is a constant Ca = Ca(n,p, o, 3) > 0 such
that of
cap, (K, B)/ cap, (3B, B) < ConP ™1,

then u < v on some sphere S(zg,p) = dB(zo,p), r/4 < p < 7/2.

PROOF. Suppose that each sphere S(zg,p), /4 < p < r/2, meets the set
E,={z € B: u(z) > v}, 0 < v < 1. Then, by the symmetrization (see e.g. [Sa]),

cap,(E,, B) > cap,([zo + re1/4,zo + re1/2], B)
> Ccap,(3B,B),

where e; = (1,0,...,0), and for the last inequality see e.g. [M2, 9.1.2]. Thus, by
(3.3),
~Pl < Clcap, (K, B)/ capp(%B, B)],

and the lemma follows.

3.5. REMARK. Lemma 3.4 is clearly false if p <n — 1.

In practice it is more convenient to use a Wiener sum instead of the Wiener
integral (1.13). Thus, suppose that F C R" and that zo € E. Write B; =
B(z0,277) and

v = cap,(E N Bj, Bj_1)
’ cap, (Bj, B;-1)

Then
3.6. LEMMA.

/' (capp(EnB(xo,t),B(zo,m)))”“’”" dt
0

cap,(B(z0.1). B(o, 21)) £

if and only if 3772, a;-/(p_l) < 00.
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PROOF. The details of the proof are left to the reader, see [LM, 3.15]. Indeed,
the claim is a simple consequence of the fact that if § > 1, then

% cap,(E N B(z0, ), B(z0,2t)) < cap,(E N B(zo,t), B(zo, 6t))
S Ccapp(E N B(zO)t)7 B(ZO, 2t)))

where C depends on é but neither on F nor on ¢; these inequalities can be estab-
lished by using an auxiliary Lipschitz stretching.

3.7. LEMMA. Suppose that u and v are A-superharmonic in Q and that G C §}

1s open. If the function
{ min(u,v) in G,
w= .
u in \G

1s l.s.c. in QQ, then it 1s A-superharmonic in Q.

PROOF.  The claim follows straightforwardly from the comparison principle
1.19 and from the definition for A-superharmonic functions.

PROOF OF THE NECESSITY PART IN THEOREM 1.22. Let p > n — 1. Suppose
that zo is not a Wiener point of ¢ and let € > 0 be such that the set

E=E.={zeR": ¢(z) > P(z0) — ¢}

is thin at zg. Then fix €; > 0 (we shall later choose ¢; appropriately) and choose
Ro > 0 such that if R; = 2~7Ry and B; = B(zo, R,), then 3% a!/®™V) < ¢,

1=17"g
where
_cap,(EN By, B;_1)

a; =
! ca'pp(ij B]’—l)

Next, choose open sets U; C B; such that EN B; C U; and that 3322, b;/ (e=1) «
2¢;, where

b = capp(Uj,Bj_l) ‘

7" cap,(By, Bj-1)

Let u; = R[’}j(Bj_l;A) be the A-potential of U; in B;j_;. Then u; = 1 in Uj.
Moreover, there is a sphere S; = B(zo, p;) C Bj+1\Bj+2 such that

(3.8) u; < C3by/ P = g,

on Sj;; here C3 = C3(n,p, o, 3) > 0. To prove (3.8), fix 7. Then choose an increasing
sequence of compact sets K; C U; such that | J, K; = U; and that every point in K,
is regular for the open set B; _;\K;. If v; = R}{‘_ (Bj—1; A), then clearly lim;_, o v; =
u;. On the other hand, by Lemma 3.4, there is a sphere S; = 9dB(zo,p;) C
§j+1\B]'+2 such that

B )\ YD
v < o/ (2P B )\ TP o)1)
e ca‘pp(BJ"BJ'—l) =2 7 '

on S; and (3.8) follows.
We now choose 1 = 1/4C3 so that 3°72 , d; <

(V1
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Next, write b = p-esssupp, ¥ and ¢ = 9(zo) — €. We are clearly free to assume
that b < 9(z0) + €/2. Next, let ¢ = (¢ —¢)/(b—¢) and p; = max(0, p). We show
that v = Q}gl is the required balayage, discontinuous at zg; for this, it suffices to
show that

(3.9 p-essliminf v, (z) < 1/2,
T—xTg

where X R
v =QF 2QF = (v—¢)/(b~-c);

indeed, (3.9) implies
liminfv(z) < (b+¢)/2 < ¥(z0) — €/4,

T—To
while
limsup v(z) > p-esslimsup v(z) > ¥(zo)
T—To T—xTg
by (1.21).

To prove (3.9), first observe that since 0 < ;3 < 1 and since ¢; = 0__q.e‘ in
By\Uy, then u; > vy in B;. Thus, by (3.8), v; < dy on S; = dB(zg, p1) C B2\Bs.
If
_un—d
T 1-d;

—-d
and iy =
— Q]

then vy = Q%*. Write

{ min(ve, ug) in B(zo, p1),
Wy = .
? Vg in B1\B(zo, p1)-

Since v < 0 on S; = dB(zg, p1), the function we is l.s.c. and hence A-superhar-
monic in B; by Lemma 3.7. On the other hand, ws > 2 q.e. in B;, whence
wg > vy in By, whence ug > v in B(zg, p1); in particular, v; — d; < ug < dz on
Sy = 0B(z0, p2) C B3\By. Next, write

vy — da P2 —da

BET 4,

Then vz = fol. As above we infer that the function

{ min(vs,u3) in B(zo, p2),

w3 = .

v3 in B1\B(zo, p2)

is l.s.c. and hence A-superharmonic in B;; in particular v — d2 < d3 on S3 =

0B(zo,p3) C §4\B3. It follows that v; < d;i + d2 + d3 on S3, and continuing in

this way we obtain
k

[o ]
v<y d;<y d;i<
1 j=1

i=

v =

on Sy = 0B(z0, px) C Br+1\Bk. Thus, (3.9) follows.

The necessity part in Theorem 1.22 is then proved.

PROOF OF THEOREM 1.16. If z¢ is not a Wiener point of ¥ and if p > n—1,
then, by Theorem 1.22, there is a neighborhood Q of zo such that the function
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Q = Q}% is discontinuous at zg. It follows from Lemma 2.8 that Q is a local
solution of (1.1), and if v is any representative of @, it follows from (1.18) that

essliminf v(z) = Q(zo) < esslimsup Q(z) = esslim sup v(z)
T—Zo T—Tg T—xIg

so that v cannot be continuous at zg.

4. Thin sets and A-superharmonic functions. In this final section we prove
Theorem 1.23 and the sufficiency part of Theorem 1.22; a short proof for Theorem
1.15 is also given. Furthermore, we show that A-superharmonic functions are finely
continuous.

Let E be a set in R™ and let g € R™. Consider the three statements:

(A) There is an A-superharmonic function u in a neighborhood U of zo with

liminf wu(z) > u(zo).
I—Io
z€E\{zo}

(B) There are neighborhoods U and V of zg, V € U, and a nonnegative A-

superharmonic function u in U such that

R'If:nv(zo) < u(zg), where R}‘Env = R“XE”V(U; A).

(C) E 1s thin at zg.

In the classical theory the statements (A), (B) and (C) are equivalent. In the
nonlinear case we establish the equivalence when p > n — 1; for p < n — 1 we have
only been able to prove the implications (A)=-(B)=-(C).

4.1. PROPOSITION. (A) implies (B).

PROOF. Since (B) is trivially true if 2o & E\{zo}, we may assume z¢ € E\{zo}.
Let u be the A-superharmonic function given in (A). We may assume that u > 0
and that

liminf u(z) > 1> u(zo).

T—T0
z€E\{zo0}

Choose an open neighborhood V of o, V € U, such that u > 1in (ENV)\{zo} = F.
Then
1> u(z0) 2 Rp(20) = Rpay (20),
where the last equality follows from Corollary 2.2. This proves (B).
To complete the chain, we require the following simple lemma.

4.2. LEMMA. If E s a Borel set which is not thin at zo, then there is a
compact set K C EU {zo} such that K is not thin at z¢.

If E is thin at xq, then there is an open neighborhood U of E\{zo} such that U
18 thin at xg.

PROOF. We prove the second assertion only; the proof of the first assertion is
even simpler and left to the reader (recall that for a Borel set £ in G

cap,(E,G) = sup cap,(K,G)).
KCE compact
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Thus, for each j = 1,2,... choose an open set U; C B(zo,277) = B, such that
ENB; CU; and that

G0 _ (Capp(EﬂBj,Brl))l/("_l) S (Capp(Uj,Brl))l/(p—l) g
7 cap,(Bj, Bj_1) cap,(B;, Bj-1) ’

We may_clearly assume that U;;; C U; and that E C B;. Next, let U =
U;(Uj\Bj+2). Then E\{zo} C U. Further, cap,(U N By, By) < cap,(Bi, Bo),
and for j =2,3,...

Capp(Un Bj7Bj—l) S Capp(Uj—l N B]'aBj—l) S Cca’pp(Uf—lij—2)y

cf. Lemma 3.6. Hence

®, /cap,(UN Bj, B;—1)\ /") ) .
- )
Z( cap,(Bj, Bj-1) > <C+CZ(QJ' +2 ) < %,

and the claim follows from Lemma 3.6.
4.3. PROPOSITION. (B) implies (C).

PROOF. Let u,U and V € U be as in (B). We may assume that U is bounded
and regular and that u > 0. By Choquet’s topological lemma [D, p. 792| there is a
decreasing sequence w; of nonnegative A-superharmonic functions in U such that
w; =uin ENV and that for w = limw; it holds

W(z) = liminf w(y) = R%y (z)
y—z
for all z € U. Considering the Borel set E' = {z € V: w(z) = u(z)} D E, we
obtain ) A
R (z0) < w(z0) = REqy (20) < u(z0),

and hence we may assume, initially, that E is a Borel set. Further, by Corollary
2.2, we may assume that zg € F.

Let us suppose that E is not thin at zg. Then, by Lemma 4.2, there is a compact
set K C ENV such that K is not thin at zo. Let p; € C§°(U) be an increasing
sequence such that lim ¢; = u in K and let h; be the unique A-harmonic function
in U\K with h; — p; € W o(U\K), see 1.25. Then u > h; in U\K: Fix j and let
v > 0 be A-superharmonic in U with v > u in K; then v = min(v,sup h;) is in
W) (V) by Proposition 1.17. Since for every € > 0 the function min(v' +€ — h;,0) is
in W) 4(U\K), the comparison principle [HK1, 2.7] implies v’ > h; in U\K. Thus,
we infer that u > Ry = R*X¥(U; A) > h; in U\K. Hence we obtain

R%(zo) =sup inf RY%
>0 B(IOJ)

= min | liminf R% (y), u(2o)
— T
nyU\(;(

> min ylirrzl hj(y)» u(zo) | = ‘P]'(IO)?
—Zo
yeU\K
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the last equality results since K is not thin at zg, see 1.25. Letting j — oo yields
u(20) < Ri(z0) < R (o) < u(zo)
which is absurd. This completes the proof.
4.4. PROPOSITION. Ifp>n—1, then (C) implies (A).

PROOF. Let U be the open neighborhood of El{a:o}, given in Lemma 4.2. Then
U is thin at zo. (We may clearly assume zo C U.) If ¥ = xy, the characteristic
function of U, then for 0 < € < 1 the set

E.={ze€R": ¢(z) > P(z0) —e=1—-€}=U

is thin at zg. By Theorem 1.22 there is a r}eighborhAood Q of zg so that the balayage
Q¥ = QY is discontinuous at zo. Since Q¥ < 1, Q¥(zo) < 1. However, obviously
Q¥ =1in UUQ, whence

liminf Q¥(z) > 1> Q¥%(zo).

I—ITo
z€E\{zo}

This proves (A) since Q¥ is A-superharmonic.

It is known that functions in the Sobolev space Wp1 are finely continuous p-
quasieverywhere, see e.g. [HW, Me|]. The next theorem says that an A-super-
harmonic function is finely continuous everywhere. For bounded supersolutions
this was proved by J. H. Michael and W. P. Ziemer in [MZ]; our proof is a simple
application of Propositions 4.1 and 4.3 above.

4.5. THEOREM. Let u be A-superharmonic in Q0 and let zo € Q. There is a
set E such that E is thin at 29 and that u|q\g 1s continuous at zo.

PROOF. If u(z¢) = 0o, we may choose E = &. Thus, suppose that u(zg) < oo.
Foreach j =1,2,... let E; = {z € Q: u(z) — u(zo) > 1/5}. Then, by Propositions
4.1 and 4.3, E; is thin at zo. Now it is easy to see that there is a decreasing
sequence r; — 0 such that the set E = |J;(E; N B(zo,7;)) is thin at zo, cf. [Me,
Proposition 3.1]. Since u is l.s.c., the theorem is thereby proved.

For completeness, we apply Theorem 4.5 and give a short proof for Theorem 1.15
(cf. [MZ]): Let u € W} (Q) be a local solution of (1.1). By 2.4 we may assume that
u is nonnegative and A-superharmonic in Q. Let E be a set as in Theorem 4.5,
that is, E is thin at zo and u| g\ g is continuous at zo. Since for each € > 0 the set
F. = {z € R": ¢(z) > ¥(z0) — €} N (Q\E) is not thin at zo, cap,(BN F,2B) >0
for each ball B = B(zo,7), and it follows that u(z¢) > 9 (z0) — &. Consequently,
u(zg) > ¥(zo). Next, fix A > u(zo). The estimate [HK1, (2.19)] yields, for r > 0
small enough,

esssup(u —A\)t < C (u—A)tdz
B(zo,7) B(xo,2r)

=C ][ (v — min(u, A))dz,
B(zo,2r)

where (u — A)* = max(u — A,0). Since bounded A-superharmonic functions are
approximately continuous by [HK1, (2.28)], the latter integral tends to zero as
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r — 0. Thus, by (1.18),
limsupu(z) < A,
I—2Zg
and letting A — u(zg) establishes the desired conclusion.

PROOF OF THE SUFFICIENCY PART IN THEOREM 1.22. The claim follows
from Theorem 1.15 and Lemma 2.8.

4.6. CONCLUDING REMARKS. (a) Write E = R"™\) and let zg € 9. In the
light of the barrier characterization the regularity of the boundary point is a local
property (this was discussed in [GLMZ2] for p = n, and the general case is similar).
Consequently, one easily obtains that the condition (B) above implies that zg s not
regular. To be precise, let u be as in (B), 2o € V € U. Further, let p; € C§°(U) be
an increasing sequence such that limp; = v in 3(V N 1) and let h; be the unique
A-harmonic function in U N Q with hj — p; € W, (U N Q). Then hj < R¥y in
U N (1, see the proof of Proposition 4.3. If zq is regular, then

©3(z0) = lim h;(2) < Rpoy (o),

and letting 7 — oo yields u(zg) < f?,%m, (zo), which is a contradiction.

We conclude that proving (C)= (A) (or (C)=>(B)) also when p < n — 1 would
completely solve the boundary regularity problem for quasilinear equations of the
type (1.10).

(b) We have assumed throughout that the obstacle ¢ is bounded. It is however
often useful to consider obstacles which may take values at infinity, cf. the discussion
in 2.4. Are Theorems 1.15 and 1.22 true also if 9 is unbounded?
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